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Nonequilibrium dynamics of a nonintegrable system without the eigenstate thermalization hy-
pothesis is studied. It is shown that, in the thermodynamic limit, this model thermalizes after an
arbitrary quantum quench at finite temperature, although it does not satisfy the eigenstate thermal-
ization hypothesis. In contrast, when the system size is finite and the temperature is low enough,
the system may not thermalize. In this case, the steady state is well described by the generalized
Gibbs ensemble constructed by using highly nonlocal conserved quantities. We also show that this
model exhibits prethermalization, in which the prethermalized state is characterized by nonthermal
energy eigenstates.
I. INTRODUCTION
Approach to thermal equilibrium, or thermalization,
in isolated many-body quantum systems has recently at-
tracted renewed interest [1–8]. Although the quantum
state itself does not relax to the (micro)canonical enesm-
ble, isolated systems can thermalize in the sense that the
expectation values of any local quantities approach their
equilibrium values. Recent intensive theoretical and ex-
perimental studies have revealed that a wide class of far-
from-integrable systems with no local conserved quantity
thermalize as expected [4, 7, 8], but systems with some
local conserved quantities [9–14] and with many-body lo-
calization [15, 16] do not thermalize. In addition, it has
been recognized that isolated quantum systems also show
rich phenomena in the course of relaxation. For exam-
ple, some nearly-integrable systems undergo prethermal-
ization [8, 17–24], where relaxation occurs with two-step:
The first one is to a long-lived prethermalized state and
the second one is to the true thermal equilibrium.
What distinguishes whether the system thermalizes?
It is now recognized that the eigenstate thermalization
hypothesis (ETH), which is traced back to von Neu-
mann [25], plays an important role to characterize sys-
tems with thermalization [4, 26–30]. The ETH claims
that every energy eigenstate is thermal, i.e., indistin-
guishable from the corresponding (micro)canonical en-
semble as long as we consider local observables. By as-
suming the ETH, we can show thermalization of an iso-
lated quantum system. Numerical simulations show that
many far-from integrable systems with no local conserved
quantity satisfy the ETH [31, 32], while integrable sys-
tems [9–13] and localized systems [15, 16] do not. Thus,
it looks plausible to consider that the ETH gives a com-
plete characterization of thermalizing systems.
In this paper, contrary to the above scenario, we exem-
plify that the ETH does not fully determine the presence
or absence of thermalization by studying the quantum
dynamics of a concrete spin model. We show that, de-
spite the fact that the ETH is not satisfied in this model,
it thermalizes after any physical quench, i.e., a sudden
change of the Hamiltonian, from a finite-temperature
equilibrium state with a sufficiently large system size.
Note that our model has only short-range interactions,
translation invariance (in particular, no localization), no
local conserved quantities (and therefore nonintegrable),
but does not satisfy the ETH. This class of models was
first proposed in Ref. [33], while the nonequilibrium dy-
namics of such a Hamiltonian has not been studied so
far.
On the other hand, when the system size is rela-
tively small and the temperature is low enough, we
may find that the system does not thermalize after a
quench. In this case, we numerically show that the steady
state is well described by the generalized Gibbs ensemble
(GGE) associated with highly nonlocal conserved quan-
tities. This shows clear contrast to the case of integrable
systems that a non-thermal steady state is described by
the GGE characterized by local or quasi-local conserved
quantities [9, 13, 34–38]. The relevance of the GGE con-
structed by nonlocal conserved quantities brings new in-
sight into the problem of thermalization; some nonlocal
conserved quantities can affect the local property of the
steady state of an isolated quantum many-body system.
The model studied here also exhibits intriguing
nonequilibrium dynamics. We show that our model un-
dergoes prethermalization for certain initial states. It
turns out that the prethermalized state is character-
ized by nonthermal energy eigenstates although the true
steady state is not affected by them. It crucially depends
on the initial state whether the system thermalizes di-
rectly or thermalizes via prethermalization plateau, in
contrast to the conventional prethermalization in nearly
integrable systems, where any initial state shows prether-
malization unless the GGE associated with the initial
state is identical to the canonical ensemble.
This paper is organized as follows. In Sec. II, we
explain the setup of our model, which is constructed
by the method of embedded Hamiltonian. In Sec. III,
we confirm analytically and numerically that a macro-
2scopic system thermalizes without the ETH after a phys-
ical quench. By contrast, in Sec. IV we show that a
sufficiently small system may not thermalize. In this
case, the stationary state is described by a novel type
of generalized Gibbs ensemble characterized by highly
non-local observables. In Sec. V, we investigate the sig-
nature of non-local observables in macroscopic systems.
We find that a novel type of prethermalization occurs in
the course of relaxation.
II. MODEL
We consider a one-dimensional spin-1 chain of length
L under the periodic boundary condition. Each site is
labeled as i = 1, 2, . . . , L. The spin-1 operator is denoted
by Sˆ (the spin-1 operator at site i is denoted by Sˆi), and
the three eigenstates of Sˆz are denoted by |1〉, |0〉, and
|−1〉, where Sˆz|m〉 = m|m〉 for m = −1, 0, 1. We define
Pˆ := |0〉〈0| as the projection operator to the state |0〉,
and denote by Pˆi the operator acting on the site i. We
also introduce the pseudo Pauli matrix σ˜ as

σ˜x = |1〉〈−1|+ | − 1〉〈1|,
σ˜y = −i|1〉〈−1|+ i| − 1〉〈1|,
σ˜z = |1〉〈1| − | − 1〉〈−1|.
(1)
The Hamiltonian studied in this paper is given by
Hˆ =
L∑
i=1
hˆiPˆi + Hˆ
′ ≡ Hˆ0 + Hˆ ′, (2)
where 1ˆ represents identity operator, and we set
hˆi =
∑
α=x,y,z
[
JαSˆ
α
i−1Sˆ
α
i+1 − hα(Sˆαi−1 + Sˆαi+1)
]
+D1ˆ,
(3)
Hˆ ′ =
L∑
i=1
∑
α=x,y,z
(
J ′ασ˜
α
i σ˜
α
i+1 − h′ασ˜αi
)
. (4)
In this paper, the parameters are fixed at ~J =
(−0.75, 0.5, 1), ~h = (1, 0,−0.5), ~J ′ = (−1.5, 1,−2), ~h′ =
(0, 0,−0.5), and D = −1. This Hamiltonian belongs to a
class of embedded Hamiltonians studied in Ref. [33].
We introduce the Hilbert subspace T ⊂ H defined as
the collection of the states |Ψ〉 ∈ H satisfying Pˆi|Ψ〉 = 0
for all i. In our model, the dimension of the whole Hilbert
space H and that of its subspace T are dimH = 3L
and dim T = 2L, respectively. Owing to [Hˆ ′, Pˆi] = 0
for all i, the set of 2L eigenstates of Hˆ ′ serves as the
orthonormal basis of T . In addition, these 2L eigenstates
are also energy eigenstates of Hˆ because Hˆ0|Ψ〉 = 0 for
any |Ψ〉 ∈ T . Thus the eigenstates of Hˆ ′ within T are
embedded to the energy spectrum of a more complicated
Hamiltonian Hˆ = Hˆ0 + Hˆ
′. It is proved that these 2L
energy eigenstates within T are not thermal, and Hˆ does
not satisfy the ETH [33].
It is noted that, for general choices of the parameters
{Jα, hα, J ′α, h′α}, Hˆ does not have any local conserved
quantities. The Hamiltonian Hˆ is therefore an example
of translation invariant local Hamiltonians with no local
conserved quantities which do not satisfy the ETH.
For later convenience, we introduce the projection op-
erator onto the subspace T defined as
Qˆ :=
L∏
i=1
(1− Pˆi) =
L∏
i=1
Qˆi, (5)
where Qˆi := 1− Pˆi. This projection operator Qˆ is a con-
served quantity of our model. This is a highly nonlocal
quantity in the sense that it is written as a product of
local projection operators at every site i.
III. THERMALIZATION
A. Preliminary discussion on the ETH and the
weak ETH
Our model has 2L(= dim T ) nonthermal energy eigen-
states. Since the dimension of the total Hilbert space H
is 3L, the fraction of nonthermal energy eigenstates,
dim T
dimH =
(
2
3
)L
(6)
is exponentially small for large system sizes.
When almost all the energy eigenstates of the sys-
tem are thermal, the system is said to satisfy the weak
ETH [10] (here, almost all means that the fraction of
nonthermal energy eigenstates tends to zero in the ther-
modynamic limit). Our model does not satisfy the ETH,
but the weak ETH holds.
One might think that the statement of the ETH (all
the energy eigenstates should be thermal) is too strong,
and the weak ETH is a more important property to deter-
mine the presence or absence of thermalization. However,
this is not the case. It is proved that the weak ETH holds
for general translation-invariant quantum spin chains
with local interactions, and moreover, the fraction of
nonthermal energy eigenstates is exponentially small for
large system sizes [39]. In other words, even integrable
systems satisfy the weak ETH, although they fail to ther-
malize after a quench. In the integrable case, nonthermal
energy eigenstates with exponentially small fraction have
extremely large weight after some physical quench [10],
which causes absence of thermalization. Thus, even if the
number of nonthermal energy eigenstates is exponentially
fewer than the total number of energy eigenstates, it is
highly nontrivial whether thermalization occurs.
Rather, it is sometimes argued that the ETH is
even necessary for thermalization although it looks too
strong [29]. It is true that the violation of the ETH
3implies that there are some specific initial states which
do not thermalize. The problem is whether such initial
states are realizable in practice. In Ref. [29], it is argued
that the ETH is necessary for thermalization in the sense
that the ETH must hold whenever all product states be-
tween a small subsystem and the remaining part called
a “bath” thermalize. However, we should be care about
the class of initial states; not all the product states might
be realizable in experiment, and therefore it would be an
excessive requirement that all the product states should
thermalize. In the next subsection, we will see that the
ETH is not necessary for thermalization in the sense that
our system thermalizes after any quantum quench at a
finite temperature although the ETH does not hold.
B. Thermalization after any finite-temperature
quench
Now we consider the quantum dynamics after the
quench of the Hamiltonian. We consider the following
pre-quench Hamiltonian:
Hˆini = Hˆ − h(0)x
L∑
i=1
Sˆxi +D
(0)
L∑
i=1
Pˆi. (7)
The initial state |Ψini〉 is chosen as a canonical thermal
pure quantum (TPQ) state [40] of Hˆini at the inverse
temperature β > 0,
|Ψini〉 = e
−βHˆini/2|r〉√
〈r|e−βHˆini |r〉
, (8)
where |r〉 with 〈r|r〉 = 1 is a random vector sampled
uniformly from the entire Hilbert spaceH. The canonical
TPQ state is known to represent thermal equilibrium at
the inverse temperature β [40]. After the quench, the
system evolves under the Hamiltonian Hˆ , and the state
at time t > 0 is given by |Ψ(t)〉 = e−iHˆt|Ψini〉, where we
put ~ = 1.
In Ref. [33], it is numerically shown that all energy
eigenstates of Hˆ outside of T , i.e., energy eigenstates
{|Φn〉} with 〈Φn|Qˆ|Φn〉 = 0, are thermal. From this nu-
merical result, we can conclude that the system will ther-
malize if the initial state has a vanishingly small weight
to the nonthermal energy eigenstates in T . This weight w
is equal to the expectation value of Qˆ; w = 〈Ψini|Qˆ|Ψini〉.
Now we shall prove that the initial state (8) actually
has an exponentially small weight to the subspace T .
First, we consider the quantity
Aˆ :=
1
L
L∑
i=1
Pˆi. (9)
It is shown in Ref. [33] that the canonical distribution
with Hˆini has finite expectation value of Aˆ
〈Aˆ〉(ini)can =
1
L
L∑
i=1
〈Pˆi〉(ini)can ≥ cβ , (10)
where 〈Oˆ〉(ini)can := Tr Oˆe−βHˆini/Tr e−βHˆini is the average
in the canonical distribution, and cβ is a strictly positive
quantity independent of the system size L for any finite
temperature. It is noted that any state in T has exactly
zero expectation value of Aˆ and vise versa, which imply
that Qˆ is identical to the projection operator onto the
subspace spanned by the eigenstates of Aˆ with the zero
eigenvalue, which is denoted by Pˆ[Aˆ = 0]:
Qˆ = Pˆ[Aˆ = 0]. (11)
Let Bˆ be an arbitrary self-adjoint operator, and let bk
and |bk〉 (k = 1, 2, . . . ) be the corresponding eigenvalues
and eigenstates, respectively. We denote by
Pˆ[Bˆ ≥ b] :=
∑
k:bk≥b
|bk〉〈bk| (12)
the projection operator onto the subspace spanned by the
eigenstates of Bˆ with eigenvalues not less than b. Then,
owing to the large deviation property of the equilibrium
state in quantum spin chains, we can prove that for an
arbitrary δ > 0 and for sufficiently large L0, there exists
γ > 0 such that
〈
Pˆ
[∣∣∣Aˆ− 〈Aˆ〉(ini)can ∣∣∣ ≥ δ]〉(ini)
can
≤ e−γL (13)
holds for any L ≥ L0 [41, 42]. From Eqs. (10) and (11),
it is obvious that
〈Qˆ〉(ini)can ≤
〈
Pˆ
[∣∣∣Aˆ− 〈Aˆ〉(ini)can ∣∣∣ ≥ δ]〉(ini)
can
(14)
if we choose δ so that 0 < δ < cβ. By using Eq. (13), we
obtain
〈Qˆ〉(ini)can ≤ e−γL. (15)
The expectation value of Qˆ, i.e. the weight to the sub-
space T , in the initial canonical distribution is exponen-
tially small.
Since a canonical TPQ state represents thermal equi-
librium, it would be expected that the weight to the sub-
space T is also exponentially small for almost all realiza-
tions of the canonical TPQ state. Indeed, we can prove
the following inequality, which rigorously establishes that
the weight to the nonthermal energy eigenstates de-
creases exponentially as the system size increases:
Prob
[
〈Ψini|Qˆ|Ψini〉 ≥ e−γ′L
]
≤ (4 + 2√2)e−γ′L, (16)
where γ′ > 0 and Prob[a] denotes the probability of an
event a, and the probability is introduced for a random
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FIG. 1. Exponential decrease of the average weight to non-
thermal energy eigenstates as a function of L with error bars.
The average is taken over 100 realizations of the random vec-
tor for the canonical TPQ state with β = 0.2.
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FIG. 2. Time evolutions of Mx(t) (top) and Cz(t) (bottom)
for the system size L = 12 after a quantum quench to the
Hamiltonian (2) from a thermal state of the Hamiltonian (7)
with D(0) = 0, h
(0)
x = 0.5, and β = 0.2. These quantities
relax to the corresponding equilibrium values.
vector construction of the canonical TPQ state (8). The
proof of Eq. (16) is given in Appendix. A. Although we
have focused on the canonical TPQ state, it is expected
that the weight also decreases exponentially for other re-
alistic initial states.
We numerically demonstrate thermalization after the
quench. The parameters in the pre-quench Hamilto-
nian (7) are set to h
(0)
x = 0.5 and D(0) = 0, and the
inverse temperature before the quench is set as β = 0.2.
The numerical results for the average weight to the non-
thermal energy eigenstates as a function of L are de-
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FIG. 3. Time evolutions of Mx(t) (top) and Cz(t) (bottom)
for L = 12 after a quantum quench to the Hamiltonian (2)
from a thermal state of the Hamiltonian (7) with D(0) =
10, h
(0)
x = 0.5, and β = 0.2. These quantities relax not to
their equilibrium values, but to their values predicted by the
nonlocal GGE.
picted as red points in FIG. 1. The average is taken over
100 realizations of random vectors constructing canon-
ical TPQ states. As clearly seen from FIG. 1, the ex-
ponential decrease of w is numerically confirmed. Time
evolutions of macroscopic observables also confirm the
presence of thermalization. The typical time evolutions
of Mx(t) := (1/L)
∑L
i=1〈Ψ(t)|Sxi |Ψ(t)〉 and Cz(t) :=
(1/L)
∑L
i=1〈Ψ(t)|Szi Szi+1|Ψ(t)〉 depicted in FIG. 2 exhibit
thermalization to the corresponding equilibrium values.
IV. NO THERMALIZATION IN FINITE
SYSTEMS
In contrast to the previous section, if the system size
is finite (i.e., finite L), the weight w can be relatively
large, and the system will not thermalize in that case.
We consider the same quench, but put D(0) = 10. A
larger value of D(0) in the pre-quench Hamiltonian will
lead to larger w (the expectation value of Qˆ), although
for any D(0) w decreases exponentially for large L, see
FIG. 1. The typical time evolutions of Mx(t) and Cz(t)
for L = 12 are shown in FIG. 3. The system approaches
a steady state, but it is different from the equilibrium
state.
What is this nonthermal steady state? It is known
that a nonthermal steady state of an integrable system
is described by the generalized Gibbs ensemble (GGE),
ρ ∝ exp[−∑α λαIˆα], where {Iˆα} are local or quasi-
5local conserved quantities of the integrable system, and
{λα} are determined by the expectation values of those
conserved quantities in the initial state [9, 13, 34, 38].
By contrast, our Hamiltonian Hˆ has no local conserved
quantity. Instead, we have a nonlocal conserved quantity
Qˆ. In addition, the Hamiltonian Hˆ is decomposed as
Hˆ = PˆHˆPˆ + QˆHˆQˆ, where Pˆ := 1− Qˆ, and then both of
PˆHˆPˆ and QˆHˆQˆ are also nonlocal conserved quantities.
By using them, let us construct the nonlocal GGE as
ρˆGGE =
1
ZGGE
e−βP PˆHˆPˆ−βQQˆHˆQˆ−λQˆ, (17)
where ZGGE is determined so that Tr ρGGE = 1. The
parameters βP , βQ, and λ are determined by the condi-
tions Tr [OˆρGGE] = 〈Ψini|Oˆ|Ψini〉 for Oˆ = PˆHˆPˆ , QˆHˆQˆ,
and Qˆ.
We compare Mx(t) and Cz(t) with the corresponding
expectation values in the nonlocal GGE in FIG. 3. This
figure shows that when the system does not thermalize,
the steady state is well described by the nonlocal GGE. It
is a novel property of embedded Hamiltonians that highly
nonlocal conserved quantities affect the local property of
the steady state.
V. PRETHERMALIZATION
While the weight to the subspace T is negligibly small
for large systems, it does not mean that the nonlocal
conserved quantity Qˆ and the corresponding subspace
T do not play any role in the thermalization process.
Let us call the site i with Sˆzi = 0 (or Pˆi = 1) a defect.
We show that if the density of the defects in the initial
state, defined as d0 := (1/L)
∑L
i=1〈Ψini|Pˆi|Ψini〉, is suffi-
ciently small, the system exhibits prethermalization, and
the prethermalized state is well described by the con-
strained (micro)canonical ensemble within the subspace
T .
The occurrence of prethermalization can be explained
as follows (see Appendix B for details). If the initial
density of defects d0 is exactly zero, it implies w = 1 and
the system does not thermalize but equilibrates to a state
described by the canonical distribution restricted to the
energy eigenstates in the subspace T . In this case, Hˆ0 in
Eq. (2) does not play any role. Let us consider the case
that d0 is nonzero but sufficiently small. In this case,
since the spread of the defects is not quick, it is expected
that up to some finite time the density of defects remains
very small and we can neglect the effect of Hˆ0. Then, this
finite time dynamics for sufficiently small d0 will be very
close to that for d0 = 0. Therefore, the system will first
relax to an “equilibrium state” within T , and then reach
the true equilibrium state.
The lower bound of the length of time of the prether-
malization plateau can be obtained by using the Lieb-
Robinson bound [43, 44], which reads t
(LR)
pre ∼ 1/(d0vLR),
where vLR is the Lieb-Robinson velocity. The detailed
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expectation value in the constrained equilibrium state within
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analysis is given in Appendix B, and we here give a rough
argument in the following. The average distance of the
nearest defects in the initial state is given by 1/d0. Ac-
cording to the Lieb-Robinson bound, the speed of the
spread of each defect is rigorously bounded above by
the Lieb-Robinson velocity vLR, and as a result, at time
t ≪ t(LR)pre ∼ 1/(d0vLR), defects have not spread over the
entire system yet and we can ignore the effect of defects.
We here remark that the obtained bound by using the
Lieb-Robinson bound is a lower bound, and as shown
below the real dynamics of the defects is diffusive, not
ballistic (i.e., scaled as 1/d20, not 1/d0).
We now study the prethermalization by numerical sim-
ulations. We consider the dynamics starting from the
initial state in which the spin at i = 1 is in the state |0〉,
and the other spins are in the state |1〉:
|Ψini〉 = |0〉 ⊗ |1〉 ⊗ · · · ⊗ |1〉. (18)
The site i = 1 is the initial defect, and d0 = 1/L. It
is noted that even a single defect leads to w = 0, which
implies that the system will eventually thermalize. We
calculate the time evolution of 〈Ψ(t)|SˆzL/2SˆzL/2+1|Ψ(t)〉
(here we assume an even L).
The numerical results in FIG. 4 show that the prether-
malization indeed takes place. We also find that the
prethermalization plateau is well described by the canon-
ical ensemble restricted to T ,
ρQ =
Qˆe−βQQˆHˆQˆ
Tr
[
Qˆe−βQQˆHˆQˆ
] = Qˆe−βQHˆ
Tr
[
Qˆe−βQHˆ
] , (19)
which is obtained by taking the limit of λ→ −∞ in the
nonlocal GGE given in Eq. (17). The effective inverse
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FIG. 5. The timescale of prethermalization is proportional to
1/d20 = L
2 for the initial state with a single defect.
temperature βQ has been determined so that the expec-
tation value of QˆHˆQˆ in the initial state coincides with
that in ρQ. We call this state “constrained equilibrium”,
and the average of SˆzL/2Sˆ
z
L/2+1 in this state is indicated
by the dashed line in FIG. 4.
In this way, it turns out that although the weight to
the subspace T is exactly zero in our initial state, the
system first relaxes to the prethermalized state indistin-
guishable from thermal equilibrium restricted to T . This
phenomenon shows intriguing nature of the nonequilib-
rium dynamics of a many-body system.
Regarding the lifetime of the prethermalized state, it
is numerically found that it scales as
tpre ∝ 1
d20
, (20)
which suggests diffusive spread of the defects. In our
initial state, d0 = 1/L and hence tpre ∝ L2, and this
dependence is clearly shown in FIG. 5. In numerical
calculations, we have defined tpre as the time at which
〈Ψ(t)|SˆzL/2SˆzL/2+1|Ψ(t)〉 reaches 0.32.
It should be noted here that the timescale of prether-
malization depends on the initial state, and therefore the
system does not show prethermalization when d0 is not
small in the initial state. This shows clear contrast to the
prethermalization in nearly-integrable systems, which is
irrelevant to the initial state.
VI. SUMMARY AND DISCUSSION
We have studied the relaxation process of a spin-1
chain which belongs to the class of embedded Hamilto-
nians. It is shown that this system thermalizes after a
quench from a thermal state of another local Hamiltonian
although the ETH is not satisfied. However, in a finite
system, the weight to nonthermal energy eigenstates may
be relatively large, and the system may not thermalize.
We find that, in such a case, the nonlocal GGE associ-
ated with some nonlocal conserved quantities describes
the steady state. This means that some highly nonlo-
cal conserved quantities can be relevant to determine the
steady state of an isolated quantum system.
In addition, we find that our system exhibits prether-
malization described by a constrained equilibrium state
within the Hilbert subspace of nonthermal energy eigen-
states even if the weight to this subspace is exactly zero.
This result implies that the nonlocal conserved quantities
may result in not only the existence of nonthermal en-
ergy eigenstate but also the existence of an intermediate
quasi stationary state.
It is worth noting the similarity to the glassy dynamics.
A quantum version of the kinetically constraint models,
a model of glassy dynamics, also show two-step relax-
ation which has initial-state dependence [45–47]. In fact,
these models can be understood as a special case of the
embedded Hamiltonian. It would be interesting if non-
local observables and embedded Hamiltonians character-
ize glassy dynamics.
Our result elucidates the crucial difference between a
quench from a thermal state with finite temperature and
that from a ground state (absolute zero temperature).
Since any real experiment is performed at finite temper-
ature, we conclude that the former is a physically real-
izable quench but the latter is not. In our model in the
thermodynamic limit, we demonstrated that an initial
state obtained through the former quench thermalizes,
while it is also true that there exists a latter type of
quench which provides an initial state without thermal-
ization. This clearly shows that a naive application of
a quench from a ground state may lead to unphysical
results.
The reason why our model thermalizes despite no ETH
would be understood by the fact that the steady state is
described by the nonlocal GGE. The nonlocal GGE devi-
ates from the equilibrium ensemble only when the expec-
tation values of the relevant nonlocal conserved quan-
tities differ from their equilibrium values. However, it
would be very difficult (or impossible) to control the ex-
pectation values of nonlocal quantities by any local oper-
ation like a quench at finite temperature. It means that
the expectation values of the nonlocal conserved quanti-
ties take the equilibrium values from the beginning, and
the nonlocal GGE is reduced to the usual equilibrium
ensemble for preparable initial states. Thermalization
without the ETH and the existence of relevant non-local
conserved quantities are novel features of our model, and
their implications for our understanding of thermaliza-
tion should be explored further in future works.
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Appendix A: Exponential decrease of the weight to
nonthermal energy eigenstates
We consider a thermal pure quantum state of the
Hamiltonian Hˆini with L spins as [40]
|Ψ〉 := e
−βHˆini/2|r〉√
〈r|e−βHˆini |r〉
, (A1)
where |r〉 is a random vector defined by using the energy
eigenstate |φn〉 (Hˆini|φn〉 = En|φn〉) as
|r〉 =
∑
n
cn|φn〉. (A2)
Here, {cn} are sampled randomly under the condition∑
n |cn|2 = 1. Using |φn〉, the state |Ψ〉 is written as
|Ψ〉 = 1N 1/2
√
D
Z
∑
n
e−βEn/2cn|φn〉, (A3)
where D is the dimension of the Hilbert space, Z :=∑
n e
−βEn is the partition function, and
N := D
Z
∑
n
e−βEn |cn|2. (A4)
The average ofA over the random vectors is denoted by
Ave[A]. It is shown that Ave[N ] = 1 and the probability
of getting N with |N −1| ≥ ǫ(> 0) is exponentially small.
More precisely, in Ref. [40], it is shown that
Ave [χ(|N − 1| ≥ ǫ)] ≤ 1
ǫ2
e−2Lβ[f(2β)−f(β)] =:
1
ǫ2
e−ηL,
(A5)
where χ(·) is the indicator function [χ(True) = 1 and
χ(False) = 0], and f(β) := −(1/βL) lnZ is the free en-
ergy density. Since f(2β) > f(β) for β > 0, we find
η > 0.
Now we consider the average weight to the nonthermal
energy eigenstates, which is given by
Ave[w] = Ave[〈Ψ|Qˆ|Ψ〉] (A6)
with the projection operator Qˆ to the Hilbert subspace
T . This quantity is decomposed as
Ave[〈Ψ|Qˆ|Ψ〉]
= Ave
[
χ(|N − 1| < ǫ) 1N
D
Z
∑
n
e−βEn |cn|2〈φn|Qˆ|φn〉
]
+Ave
[
χ(|N − 1| ≥ ǫ) 1N
D
Z
∑
n
e−βEn|cn|2〈φn|Qˆ|φn〉
]
=: A1 +A2, (A7)
where ǫ is an arbitrary constant satisfying 0 < ǫ < 1. We
first calculate A1. Using 1/N ≤ 1/(1−ǫ), 〈φn|Qˆ|φn〉 ≤ 1,
and the Schwartz inequality, we obtain
A1 ≤ 1
1− ǫ
D
Z
×Ave

√∑
n
|cn|4e−βEn ·
√∑
n
e−βEn〈φn|Qˆ|φn〉


≤ 1
1− ǫ
D√
Z
√
〈Qˆ〉(ini)can Ave

√∑
n
|cn|4e−βEn

 , (A8)
where 〈Aˆ〉(ini)can := Tr e−βHˆiniAˆ/Tr e−βHˆini is the expecta-
tion value of Aˆ in the canonical ensemble of Hˆini. Since
Ave[
√·] ≤√Ave[·],
Ave

√∑
n
|cn|4e−βEn

 ≤√∑
n
Ave[|cn|4]e−βEn .
(A9)
By using Ave[|cn|4] = 2/D(D + 1) ≤ 2/D2, we finally
obtain the upper bound of the first term of the right
hand side of Eq. (A7):
A1 ≤ 1
1− ǫ
√
2〈Qˆ〉(ini)can . (A10)
As mentioned in Sec. III, one can prove that there ex-
ists some constant γ > 0 independent of the system size
L such that
〈Qˆ〉(ini)can ≤ e−γL. (A11)
Using this in Eq. (A10), we obtain
A1 ≤
√
2
1− ǫe
−γL/2. (A12)
Next, we consider A2. Using
1
N
D
Z
∑
n
e−βEn|cn|2〈φn|Qˆ|φn〉
=
∑
n e
−βEn |cn|2〈φn|Qˆ|φn〉∑
n e
−βEn |cn|2 ≤ 1 (A13)
and Eq. (A5), we obtain
A2 ≤ Ave [χ(|N − 1| ≥ ǫ)] ≤ 1
ǫ2
e−ηL. (A14)
Substituting Eqs. (A12) and (A14) into Eq. (A7), we
can conclude that Ave[〈Ψ|Qˆ|Ψ〉] is exponentially small
Ave[〈Ψ|Qˆ|Ψ〉] ≤
( √
2
1− ǫ +
1
ǫ2
)
e−2γ
′L (A15)
with
2γ′ = min
{γ
2
, η
}
. (A16)
8By applying the Markov inequality [48], we obtain
Prob
[
〈Ψ|Qˆ|Ψ〉 ≥ e−γ′L
]
≤ eγ′LAve[〈Ψ|Qˆ|Ψ〉]
≤
( √
2
1− ǫ +
1
ǫ2
)
e−γ
′L, (A17)
where Prob[a] is the probability of an event a. Here it is
noted that we can choose ǫ as an arbitrary positive value
less than 1, for example, we put ǫ = 1/2, and then we
obtain Eq. (16).
Appendix B: Occurrence of prethermalization
We shall derive prethermalization in the spin-1 model
discussed in the main text. Let us consider the time
evolution of a local operator OˆX that acts non-trivially
on the set of sites X = {j, j+1, . . . , j+k− 1} with some
integer k ≥ 1 independent of the length L of the one-
dimensional chain. For some fixed l ≥ 0, we define the
region S as a set of sites i with minj′∈X dist(i, j
′) ≤ l,
where dist(i, j′) is the distance between the sites i and j′
in the periodic boundary condition. Explicitly, S is given
by
S = {j− l, j− l+1, . . . , j+k+ l−2, j+k+ l−1}. (B1)
The set of sites not in S is denoted by B.
We divide the Hamiltonian Hˆ as
Hˆ = HˆS + HˆB + HˆSB, (B2)
where HˆS is the Hamiltonian acting non-trivially on the
region S, HˆB is that on the region B, and HˆSB is the
interaction Hamiltonian between the subsystems S and
B. Since Hˆ is a local Hamiltonian, we can always choose
HˆSB so that ‖HˆSB‖ is independent of L, where ‖ · ‖
represents the operator norm. The whole Hilbert spaceH
is accordingly decomposed as H = HS⊗HB. In the spin-
1 Hamiltonian discussed in the main text, the concrete
expressions are given as follows:

HˆS =
j+k+l−2∑
i=j−l+1
hˆiPˆi +
j+k+l−2∑
i=j−l
hˆ′i =: Hˆ0S + Hˆ
′
S ,
HˆSB = hˆj−l−1Pˆj−l−1 + hˆj−lPˆj−l
+ hˆj+k+l−1Pˆj+k+l−1 + hˆj+k+lPˆj+k+l
+ hˆ′j−l−1 + hˆ
′
j+k+l−1,
(B3)
where Hˆ ′ =
∑L
i=1 hˆ
′
i with
hˆ′i =
∑
α=x,y,z
(J ′ασ˜
α
i σ˜
α
i+1 − h′ασ˜αi ). (B4)
The Hamiltonian HˆSB acts non-trivially on the set of
sites
∂S := {j − l − 2, j − l − 1, j − l, j − l + 1,
j + k + l − 2, j + k + l − 1,
j + k + l, j + k + l + 1}. (B5)
We shall show that the exact time evolution of OˆX is
well approximated by its time evolution under HˆS , that
is,
eiHˆtOˆXe
−iHˆt ≈ eiHˆStOˆXe−iHˆSt (B6)
up to some finite time. Using the identity ei(Aˆ+Bˆ)t =
eiAˆt + i
∫ t
0 dse
i(Aˆ+Bˆ)(t−s)BˆeiAˆs for the super-operators
Aˆ = [HˆS , ·] and Bˆ = [HˆB + HˆSB, ·], we obtain∥∥∥eiHˆtOˆXe−iHˆt − eiHˆStOˆXe−iHˆSt∥∥∥
=
∥∥∥∥
∫ t
0
dseiHˆ(t−s)[HB +HSB, e
iHˆSsOˆXe
−iHˆSs]e−iHˆ(t−s)
∥∥∥∥
≤
∫ t
0
ds
∥∥∥[HˆSB, eiHˆSsOˆXe−iHˆSs]∥∥∥ . (B7)
Using the Lieb-Robinson bound [43, 44], we have∥∥∥[HˆSB, eiHˆSsOˆXe−iHˆSs]∥∥∥
≤ C|∂S| · |X | · ‖HˆSB‖ · ‖OˆX‖e−µdist(∂S,X)ev|s|
= 8Ck‖HˆSB‖‖OˆX‖e−µ(l−1)ev|s|, (B8)
where we used |∂S| = 8, |X | = k, and dist(∂S,X) :=
mini′∈∂S,j′∈X dist(i
′, j′) = l − 1 in this model. C is a
positive constant independent of the system size; in our
model, for example, we can set C = 2/5. µ and g are
arbitrary positive constants satisfying
3∑
n=1
∥∥∥hˆnPˆn + hˆ′n∥∥∥ ≤ ge−2µ, (B9)
and v = 4g/C. See Ref. [44] for details.
Substituting Eq. (B8) into Eq. (B7) with C′ :=
8Ckeµ‖HˆSB‖/v, we arrive at∥∥∥eiHˆtOˆXe−iHˆt − eiHˆStOˆXe−iHˆSt∥∥∥
≤ C′‖OˆX‖e−µl+vt = C′‖OˆX‖e−µ(l−vLRt), (B10)
where vLR := v/µ is called the Lieb-Robinson veloc-
ity. This inequality implies that the approximation of
Eq. (B6) is valid for t . l/vLR =: τ
S
LR, which is called the
Lieb-Robinson time.
After the approximation given by Eq. (B6), the time
evolution is fully determined by the Hamiltonian of the
finite subsystem S. Although the weight w to the non-
thermal energy eigenstates of Hˆ is exponentially small
with respect to the total system size L, the weight wS to
the nonthermal energy eigenstates of HˆS is not necessar-
ily small. According to the discussion in the main text,
9under the time evolution in HˆS , the subsystem will relax
to the stationary state described by the nonlocal GGE
given by
ρSGGE =
1
ZGGE
e−βP PˆSHˆSPˆS−βQQˆSHˆSQˆS−λQˆS , (B11)
where QˆS :=
∏
i∈S Qˆi and PˆS := 1 − QˆS . Therefore, if
the relaxation time τS under the time evolution by HˆS
is much shorter than the Lieb-Robinson time, OSX(t) :=
〈Ψ(0)|eiHˆStOˆXe−iHˆSt|Ψ(0)〉 will relax to a prethermal-
ized value given by Tr ρSGGEOˆX when τS ≪ t . τSLR.
The condition τS ≪ τSLR is generally not met since the
relaxation of S takes place due to the spread of defects
over the entire region of S, the timescale of which can-
not be shorter than the Lieb-Robinson time. Only when
wS ≈ 1, the condition τS ≪ τSLR may be satisfied, as we
see below.
Let us consider the situation of wS ≈ 1. This situation
is realized when the initial density of the defects
d0 =
1
L
L∑
i=1
〈Ψ(0)|Pˆi|Ψ(0)〉 (B12)
is very small. When the defects are distributed uniformly
over the entire system,
wS ≈ (1− d0)|S| = (1− d0)k+2l ≤ 1− (k+2l)d0. (B13)
We assume that d0k ≪ 1. In order for wS to be close to
1,
l≪ 1
d0
, (B14)
and hence
τSLR ≪
1
vLRd0
. (B15)
When wS ≈ 1, the relaxation time of the subsystem S
is independent of d0 because the relaxation takes place
within the subspace TS . Moreover, if the initial state in
the subsystem S is homogeneous (no inhomogeneity of
the energy HˆS), the relaxation time of the subsystem S
is also independent of k+2l, i.e., the size of the subsystem
S, for large l. Therefore, for sufficiently small d0, we can
choose l so that
τS ≪ τSLR ≪
1
vLRd0
, (B16)
and then both wS ≈ 1 and τS ≪ τSLR can be realized
at the same time. This implies that prethermalization
occurs in this situation.
Since wS = 〈Ψ(0)|QˆS |Ψ(0)〉, wS ≈ 1 implies
ρSGGE ≈
QˆSe−βQQˆSHˆSQˆS
TrS QˆSe−βQQˆSHˆSQˆS
=: ρSQ, (B17)
which is nothing but the constrained equilibrium to the
subspace TS , where TS is defined as the set of states
|Ψ〉 ∈ HS satisfying 〈Ψ|QˆS|Ψ〉 = 1, i.e., TS is the sub-
space of the nonthermal energy eigenstates of HˆS . When
d0 is sufficiently small, we can choose a large value of l
satisfying Eq. (B16), which implies that the size of the
region S is sufficiently large. In this case, the density
matrix (B17) is approximately identical to the reduced
density matrix obtained from the constrained equilibrium
density matrix of the whole system, that is,

ρSQ ≈ TrB ρQ,
ρQ =
Qˆe−βQQˆHˆQˆ
Tr Qˆe−βQQˆHˆQˆ .
(B18)
Equation (B18) tells us that the prethermalized plateau
of 〈Ψ(t)|OˆX |Ψ(t)〉 is described by the constrained equi-
librium to T of the whole system.
We shall evaluate the timescale of prethermalization.
The condition of Eq. (B15) implies that at time given by
t(LR)pre ∼
1
vLRd0
, (B19)
the prethermalized state will decay towards the true
thermal equilibrium. This gives a lower bound of the
timescale of prethermalization.
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